IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

A unified algebraic approach to the classical Yang-Baxter equation

This article has been downloaded from IOPscience. Please scroll down to see the full text article.
2007 J. Phys. A: Math. Theor. 40 11073
(http://iopscience.iop.org/1751-8121/40/36/007)

View the table of contents for this issue, or go to the journal homepage for more

Download details:
IP Address: 171.66.16.144
The article was downloaded on 03/06/2010 at 06:12

Please note that terms and conditions apply.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/1751-8121/40/36
http://iopscience.iop.org/1751-8121
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience

TOP PUBLISHING JOURNAL OF PHYSICS A: MATHEMATICAL AND THEORETICAL

J. Phys. A: Math. Theor. 40 (2007) 11073-11082 doi:10.1088/1751-8113/40/36/007

A unified algebraic approach to the classical
Yang-Baxter equation

Chengming Bai

Chern Institute of Mathematics & LPMC, Nankai University, Tianjin 300071,

People’s Republic of China

and

Department of Mathematics, Rutgers, The State University of New Jersey, Piscataway, NJ 08854,
USA

Received 25 May 2007, in final form 23 July 2007
Published 21 August 2007
Online at stacks.iop.org/JPhysA/40/11073

Abstract

In this paper, the different operator forms of the classical Yang—Baxter equation
are given in the tensor expression through a unified algebraic method. It is
closely related to left-symmetric algebras which play an important role in many
fields in mathematics and mathematical physics. By studying the relations
between left-symmetric algebras and the classical Yang—Baxter equation,
we can construct left-symmetric algebras from certain classical r-matrices
and conversely, there is a natural classical r-matrix constructed from a left-
symmetric algebra which corresponds to a parakihler structure in geometry.
Moreover, the former in a special case gives an algebraic interpretation of the
‘left symmetry’ as a Lie bracket ‘left-twisted’ by a classical r-matrix.

PACS numbers: 02.20.Sv, 02.20.Uw, 02.30.1k
Mathematics Subject Classification: 17B, 8§1R

1. Introduction

The classical Yang—Baxter equation (CYBE) first arose in the study of inverse scattering theory
[1, 2]. It is also a special case of the Schouten bracket in differential geometry, which was
introduced in 1940 [3]. It can be regarded as a ‘classical limit” of the quantum Yang—Baxter
equation [4]. It plays a crucial role in many fields such as symplectic geometry, integrable
systems, quantum groups, quantum field theory and so on (see [5] and the references therein).
The Yang—Baxter system has become an important topic in both mathematics and mathematical
physics since 1980s.

The standard form of the CYBE in a Lie algebra is given in the tensor expression as
follows. Let G be a Lie algebra and r € G ® G. r is called a solution of the CYBE in G if

[rio, ri3] + [r12, r3] + [r13, 131 =0 in U(G), (1.1
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where U (G) is the universal enveloping algebra of G and forr =), a; ® b;,
rn=y a®b®l,  rn=) a®1®b, =) 18a4®b. (1.2)

l L

r is also called a classical 7-matrix due to the expression of » under a basis of G.

There are a lot of results on the CYBE when G is semisimple (cf [6, 7], etc). However,
it is not easy to study equation (1.1) directly in a general case. A natural idea is to replace
the tensor form by a linear operator. There are several approaches. In [8], Semonov—Tian—
Shansky studied the CYBE systematically. In particular, an operator form of the CYBE is
given as a linear map R : G — G satisfying

[R(x), R(y)] = R([R(x), y] + [x, R(Y)]). Vx, yeg. (1.3)

It is equivalent to the tensor form (1.1) of the CYBE when the following two conditions are
satisfied: (a) there exists a nondegenerate symmetric invariant bilinear form on G and (b) r is
skew-symmetric. However, the relation between the operator form (1.3) and the tensor form
(1.1) in a general case is still not clear.

Later, Kupershmidt restudied the CYBE in [9]. When r is skew-symmetric, the tensor
form (1.1) of the CYBE is equivalent to a linear map r : G* — G satisfying

[r(x), r(y)] = r(ad*r (x)(y) — ad*r (y)(x)), Vx, yegh, (1.4)

where G* is the dual space of G and ad* is the dual representation of adjoint representation
(coadjoint representation) of the Lie algebra G. Moreover, Kupershmidt generalized the above
ad” to be an arbitrary representation p : G — gl(V) of G, that is, a linearmap 7 : V — G
satisfying

[T @), T ()] =T (T w)v—p(TW)u), Yu, veV, (1.5)

which was regarded as a natural generalization of the CYBE. Such an operator is called
an O-operator associated with p. Note that the operator form (1.3) of the CYBE given by
Semonov—Tian—Shansky is just an O-operator associated with the adjoint representation of G.
However, there is no direct relation between the O-operators and the tensor form (1.1) of the
CYBE, either.

In this paper, we give a further study of the CYBE which unifies the above different
operator forms of the CYBE. The key is how to interpret the O-operators in terms of the tensor
expression. Our idea is to extend the Lie algebra G to construct a bigger Lie algebra such that
the O-operators can be related to the solutions of the tensor form of the CYBE in it. Thus we
can obtain not only the direct relations between the above operators and the tensor form (1.1)
of the CYBE, but also the corresponding results of Semonov-Tian—Shansky and Kupershmidt
as special cases. It is quite similar to the double construction [7].

Furthermore, there is an algebraic structure behind the above study. Itis the left-symmetric
algebra (or under other names such as pre-Lie algebra, quasi-associative algebra, Vinberg
algebra and so on). Left-symmetric algebras are a class of nonassociative algebras coming
from the study of convex homogeneous cones, affine manifolds and affine structures on
Lie groups, deformation of associative algebras [10-13] and then appear in many fields in
mathematics and mathematical physics, such as complex and symplectic structures on Lie
groups and Lie algebras [14—18], integrable systems [19, 20], Poisson brackets and infinite-
dimensional Lie algebras [21-23], vertex algebras [24], quantum field theory [25], operads
[26] and so on (more examples can be found in a survey in [27] and the references therein).

Although some scattered results are known in certain references (cf [9, 28-31], etc), we
give a systematic study on the relations between left-symmetric algebras and the CYBE in this
paper. It can be regarded as a generalization of the correspondence between left-symmetric
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algebras and bijective 1-cocycles whose existence gives a necessary and sufficient condition
for a Lie algebra with a compatible left-symmetric algebra structure. For the study of left-
symmetric algebras, it provides a construction from certain classical r-matrices. In particular,
as a special case, an algebraic interpretation of the so-called ‘left-symmetry’ is induced by
equation (1.3): in a certain sense, the ‘left symmetry’ can be interpreted as a Lie bracket
‘left-twisted’ by a classical r-matrix. On the other hand, for the study of the CYBE, there is a
natural classical r-matrix with a simple form constructed from a left-symmetric algebra which
corresponds to a parakihler structure in geometry.

The paper is organized as follows. In section 2, we construct a direct relation between
O-operators and the tensor form of the CYBE. In the cases of adjoint representations and
co-adjoint representations, we can get the operator forms (1.3) and (1.4) of the CYBE. In
section 3, we briefly introduce left-symmetric algebras and then study the relations between
them and the CYBE. In section 4, we summarize the main results obtained in the previous
sections.

Throughout this paper, without special saying, all algebras are of finite dimension and
over an algebraically closed field of characteristic 0 and r is a solution of the CYBE or r is a
classical r-matrix refers to that r satisfies the tensor form (1.1) of the CYBE.

2. O-operators and the tensor form of the CYBE

At first, we give some notations. Let G be a Lie algebra and r € G ® G. r is said to be
skew-symmetric if

r= Z(ai ®bi — b ® a;). 2.1

Forr = Zi a; ®b; € GR® G, we denote
P =Y "b ®a. 2.2)

On the other hand, let p : G — gI(V) be a representation of the Lie algebra G. On the vector
space G @ V, there is a natural Lie algebra structure (denoted by G x, V) given as follows
[32]:

[x1 + 1, x0 + 2] = [x1, x2] + p(x1)V2 — p(x2) V1, Vxi, x€g, v, eV.
(2.3)

Let p* : G — gl(V*) be the dual representation of the representation p : G — gl(V) of
the Lie algebra G. Then there is a close relation between the O-operator associated with p and
the (skew-symmetric) solutions of the CYBE in G x ,« V*.

Any linear map 7' : V — G can be identified as an element in G @ V* C (G X« V) ®
(G X = V*) as follows. Let {ey, ..., e,} be abasis of G. Let {vy, ..., v,} be a basis of V and
{vf, ..., vy} be its dual basis, that is, v/ (v;) = §;;. Set T'(v;) = Z;:l ajjej, i =1,...,m.
Since as vector spaces, Hom(V, G) = G ® V*, we have

m

T=) Tw)®v =Y > ae;@v €GRV* C(Gxp V)® (G xp V7). (2.4)

i=1 i=1 j=1

Claim. r = T — T?! is a skew-symmetric solution of the CYBE in G X ,» V* if and only if T is
an O-operator.
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In fact, by equation (2.4), we have

m

[ri2, rizl = Z {IT (vi), T ® v; @ v; — p*(T (V) vy @ v ® T (vr)
i k=1

+0* (T ())v @ T(v;) ® v},

m

[ri2, 23] = Z{—vf Q[T (), T(w)] ® vy — T(v;) @ p* (T (v)) v @ vy
k=1

+u; @ p*(T (v)v; ® T (i)},

m

[ri3, ra3] = D _{v] @ uf @ [T (), T ()] + T (1) ® v ® p*(T (wi)v}
ik=1

— v ® T (v) ® p* (T (v) v}

By the definition of dual representation, we know

PH(T IV = =D v (p(T (@))v))v;.

j=1
Thus,
— > TW)®p (T @v; ==Y TW)® | Y =/ (p(TW))v)v} | ® v}
i k=1 ik=1 j=1
=3 Y T @)TE) @vi@vi =Y T | Y i@ w)wy; | @ v @
ik=1 j=1 ik=1 j=1

I

Y Tp(T @) @ v} ® v}
i.k=1

Therefore,

[r12, rizl + [r12, 3] + [r13, 23]

=

= Z {(T (i, v)1+ T (p(T (vi)vy) — T (p(T (v;)vr)) ® v ® vy
i,k=1
— v ® ([T (vi, v)1+ T (p(T (v)vi) — T (p(T (v;))vg)) ® vy
+v] @ v; @ ([T (vi, v) ]+ T (p(T (vi)v;) — T (p(T (v;)vp))}.

So ris a classical r-matrix in G X ,- V* if and only if T is an O-operator.

Obviously, the above r is exactly the skew-symmetric classical 7-matrix in G x ,« V* which
SiNngRV* —V*®4Jg.

Next we consider the cases that p is the adjoint representation ad : G — gl(G) or
the coadjoint representation ad* : G — gIl(G*) with (ad*x(y*), z) = —(y*, [x, z]) for any
X,z € G and y* € G*, where (, ) is the ordinary pair between G and G*.

Case I. p = ad*, the coadjoint representation. In this case, V = G* and V* = G. For any
linear map 7' : G* — G, T can be identified as an element in G ® G by

(Tw,v)=u®v,T), Yu, veg. (2.5)

Therefore, althoughr = T — T?! € (G X024 G) ® (G X, §), infact, r € G ® G. Hence, ris a
skew-symmetric solution of the CYBE in G if and only if T satisfies equation (1.4).
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In particular, suppose that r € G ® G which is identified as a linear map from G* to G
and r itself is skew-symmetric. Then r — r?! = 2r. Obviously, r is a classical r-matrix if
and only if 27 is also a classical r-matrix. Therefore r is a solution of the CYBE in G if and
only if r satisfies equation (1.4). Thus, in this case, the CYBE in the tensor expression (1.1)
is equivalent to equation (1.4), which was given by Kupershmidt [9].

Case Il. p = ad, the adjoint representation. In this case, we suppose that the Lie algebra G is
equipped with a nondegenerate invariant symmetric bilinear form B(, ). That is,

B(x,y) = B(y,x), B([x.yl.2) = B(x, [y, z]), Vx, y.z€0. (2.6)

Hence, G* is identified with G. Let r € G ® G. Then r can be identified as a linear map from
G to G. If r is skew-symmetric, then r is a solution of the CYBE in G if and only if r satisfies
equation (1.3). Thus, in this case, the CYBE in the tensor expression (1.1) is equivalent to
equation (1.3), which was given by Semonov—-Tian—Shansky [8].

3. The CYBE and left-symmetric algebras

A left-symmetric algebra A is a vector space over a field F equipped with a bilinear product
(x, y) — xy satisfying that for any x, y, z € A, the associator

(x,y.2) = (xy)z — x(yz) 3.

is symmetric in x, y, that is,

x,v,2) =, x,2), or equivalently (xy)z —x(yz2) = (yx)z — y(x2). (3.2)

Left-symmetric algebras are Lie-admissible algebras (cf [33, 34]). In fact, let A be a
left-symmetric algebra. Then the commutator

[x,y] =xy — yx, Vx, yEeA, 3.3)

defines a Lie algebra G(A), which is called the sub-adjacent Lie algebra of A and A is also
called the compatible left-symmetric algebra structure on the Lie algebra G(A).

Furthermore, for any x € A, let L, denote the left multiplication operator, that is,
L,(y) = xyforany y € A. Then L : G(A) — gl(G(A)) with x — L, gives a regular
representation of the Lie algebra G(A), that is,

[Ly, Ly] = Ly, Vx, yeA. 3.4)

It is not true that there is a compatible left-symmetric algebra structure on every Lie
algebra. For example, a real or complex Lie algebra G with a compatible left-symmetric
algebra structure must satisfy the condition [G, G] # G [34]; hence, there does not exist a
compatible left-symmetric algebra structure on any real or complex semisimple Lie algebra.
Here, we briefly introduce a necessary and sufficient condition for a Lie algebra with a
compatible left-symmetric algebra structure [33]. Let G be a Lie algebraand p : G — gl(V)
be a representation of G. A 1-cocycle g associated with p (denoted by (p, q)) is defined as a
linear map from G to V, satisfying

qlx, yI = px)q(y) = p(y)q(x), Vx, yeg. (3.5)
Then there is a compatible left-symmetric algebra structure on G if and only there exists a
bijective 1-cocycle of G. In fact, let (p, ¢) be a bijective 1-cocycle of G. Then

xxy=q 'p)qy), Vx, yeg, (3.6)

defines a compatible left-symmetric algebra structure on G. Conversely, for a left-symmetric
algebra A, (L, id) is a bijective 1-cocycle of G(A), where id is the identity transformation on

G(A).
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Note that for any Lie algebra G and its representation p : G — gl (V), alinear isomorphism
T : V — G (hence dimG = dim V) is an O-operator associated with p if and only if 77!
is a (bijective) 1-cocycle of G associated with p. Therefore, if ¢ : G — V is a bijective
1-cocycle of G associated with p, then g=' — (¢~")?' is a solution of the CYBE in G x ,« V*.
In particular, let (G, %) be a left-symmetric algebra. Since T = id is an O-operator associated
with the regular representation L, we have

r=Y (e®e —e ®er) (3.7)

is a solution of the CYBE in G x - G*, where {ey, ..., e,} is abasis of G and {e], ..., e} is
its dual basis. Moreover, we would like to point out that in the Lie algebra G(A) X, G*(A),
equation (3.7) is not a solution of the CYBE, but a solution of the so-called modified CYBE
[8]. Thatis, in G(A) Xaq+ G*(A), equation (3.7) does not satisfy equation (1.1), but satisfies
R1IR®1+10x@1+1®1®x, [r12, r13] + [r12, r3] + [r13, 12311 = 0,
Vx € G(A) Xar G*(A). (3.3)

On the other hand, if an O-operator T associated with p is invertible, then T lisa bijective

1-cocycle of G associated with p. Hence,

xy =TT (M), Vx, yeg, 3.9)
defines a compatible left-symmetric algebra structure on G through equation (3.6) by letting
g = T~'. Moreover, forany u, v € V,let x = T(u), y = T (v). Thus by equation (3.9), we
have

T(u)-T) =TT w)v).

Since T is invertible, there exists a left-symmetric algebra structure on V induced from the
left-symmetric algebra structure on G by

usxv=T"YTw) Tw) = p(Tw)W), Yu, velV. (3.10)

It is obvious that 7T is an isomorphism of left-symmetric algebras between them.

Furthermore, we can generalize the above construction of left-symmetric algebras to a
general O-operator. Let G be a Lie algebra and p : G — gI(V) be its representation. Let
T : V — G be alinear map. Then on V, the new product

u*xv=p(T)v, Yu, veV 3.11)
satisfies that for any u, v, w € V,
(u, v, w) = (v, u, w) = p(Tp(T W) v)w — p(T (W) p(T (v))w
—p(Tp(T(W)ww + p(T () p(T (u))w
= p([T ), T@Dw + p(T (p(T w))v — p(T (v))u))w.
Hence, equation (3.11) defines a left-symmetric algebra if and only if
[T(u), T(W)] —T(p(Tm)v — p(T(v)u) € Kerp, Yu, veV, (3.12)

where Ker p = {x € G|p(x) = 0}. In particular, for any O-operator 7 : V — G associated
with p, equation (3.11) defines a left-symmetric algebra on V. Therefore, V is a Lie algebra
as the sub-adjacent Lie algebra of this left-symmetric algebra and T is a Lie algebraic
homomorphism. Furthermore, T(V) = {T(v)|v € V} C G is a Lie subalgebra of G and
there is an induced left-symmetric algebra structure on 7'(V') given by

Tw) -Tw)=T(u=*v), Yu, velV. (3.13)
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Moreover, its sub-adjacent Lie algebra structure is just the Lie subalgebra structure of G and
T is a homomorphism of left-symmetric algebras.

In fact, the above Lie algebra structure on V coincides the standard construction of
Lie bialgebra from the classical r-matrix r = T — T?' as follows. G x,- V* is a Lie
bialgebra [5, 7] with the cobracket §(f) = [f ® 1 +1 ® f,r] for any f € G x,« V™.
Hence, V* is a Lie co-subalgebra of G x ,- V*. Therefore, V is a Lie algebra just given by
[, v] = p(T(w))v — p(T (v))u forany u, v € V.

According to Drinfel’d [7], r € G ® G is a skew-symmetric and nondegenerate solution
of the CYBE in G if and only if the bilinear form B on G given by

B(x,y) = (r '(x), y), Vx, yeg, (3.14)
is a 2-cocycle on G, that is,
B([x, yl,2) + B([y, z], x) + B([z,x], y) =0, Vx, y,z€G. (3.15)

In geometry, a skew-symmetric and nondegenerate 2-cocycle on a Lie algebra G is also called
a symplectic form which corresponds to a symplectic form on a Lie group whose Lie algebra
is G, and such a Lie group (or Lie algebra) is called a symplectic Lie group (or Lie algebra)
[15].

Now, let us return to our study on left-symmetric algebras and the CYBE. Let A be a
left-symmetric algebra. Then the classical r-matrix r given by equation (3.7) is nondegenerate.
Moreover, r : (G X+ G*)* — G X+ G* satisfies the following equations:

r(ef) =ej, r(e) = —e, i=1,...,n.
Therefore, for any i, j, k, [, we have

(ri(ei+e)). ex+ef) = (—ei + el e +ef) = (—ei, ) + (ex. €F).
Hence, there is a natural 2-cocycle @ (symplectic form) on G x ;- G* induced by r~! :
G X+ G — (G X G¥)* given by

o(x+x,y+y") = (& y)— (", x), Vx,yegG, x* y'egh (3.16)

The above structure G i ; » G* with the symplectic form w (3.16) corresponds to a parakihler
structure. In geometry, a parakidhler manifold is a symplectic manifold with a pair of transversal
Lagrangian foliations [35]. A parakéhler Lie algebra G is just the Lie algebra of a Lie group
G with a G-invariant parakidhler structure [36]. On the other hand, such a structure is just a
phase space of G in mathematical physics [37-39].

Next we still consider the case that p = ad, the adjoint representation. Let G be a Lie
algebra and f be a linear transformation on G. Then on G, the new product

x*y=[f(x),y] Vx,yegq, (3.17)
defines a left-symmetric algebra if and only if

L), fODI] = fAf ), yI+1x, (1] € CG), Vx,yeg, (3.18)

where C(G) = {x € G|[x, y] = 0,V y € G} is the center of Lie algebra G. In particular, the
map given by equation (1.3) defines a left-symmetric algebra on G through equation (3.17).
On the other hand, if in addition, the center C(G) is zero, then the linear transformation f
satisfying equation (3.18) just satisfies equation (1.3), that is, f satisfies the operator form of
the CYBE.

The formula (3.17) was also given in [31], and a similar construction for Novikov algebras
(left-symmetric algebras with commutative right multiplication operators) was given with r
satisfying some additional conditions in [40]. We would like to point out that the above
construction cannot get all left-symmetric algebras.
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Moreover, the above discussion gives an algebraic interpretation of ‘left-symmetry’ (3.2).
Let {e;} be a basis of a Lie algebra G and r be a linear transformation satisfying equation (1.3).
Set r(e;) = Z.,' s Tije;j. Then the basis interpretation of equation (3.17) is given as

e xe; =Zr,~,[el,ej]. (3.19)
lel
In this sense, such a construction of left-symmetric algebras can be regarded as a Lie algebra
‘left-twisted” by a classical r-matrix. On the other hand, we consider the right-symmetric
algebra, thatis, (x, v, z) = (x, z,y) forany x, y, z € A, where (x, y, z) is the associator given
by equation (3.1). Set

e -ej=le,r(e)] = erl[eiv e (3.20)
lel
Then the above product defines a right-symmetric algebra on G, which can be regarded as a
Lie algebra ‘right-twisted’ by a classical r-matrix.

Roughly speaking, the CYBE describes certain ‘permutation’ relation and left-symmetry
or right-symmetry is a kind of special ‘permutation’. There is a close relation between them
by equation (3.19) or (3.20).

At the end of this section, we give a further study on the linear transformations satisfying
equation (3.18). For a left-symmetric algebra structure on G given by equation (3.17) with f
satisfying equation (3.18), if in addition, its sub-adjacent Lie algebra is just G itself, that is,

.y =1f (). yI = [y, O, Vx, yeg, (3.21)

then it is a left-symmetric inner derivation algebra, that is, for every x € G, L, is an interior
derivation of the Lie algebra G. Such a structure corresponds to a flat left-invariant connection
adapted with the interior automorphism structure of a Lie group, which was first studied
in [34]. Moreover, every left-symmetric inner derivation algebra can be obtained by this
way. On the other hand, if f satisfies equation (1.3) and f is invertible, then f satisfies
equation (3.21) if and only if f is an automorphism of G. Under this condition, G must be
solvable since the sub-adjacent Lie algebra of a left-symmetric inner derivation algebra is
solvable [34].

Moreover, there is a general conclusion. Let G be a complex Lie algebra with a
nondegenerate symmetric invariant bilinear form. If there exists an invertible skew-symmetric
classical r-matrix r, then r can be identified as a linear transformation on G satisfying
equation (1.3). Hence, r~! is a derivation of G. Since a complex Lie algebra with a
nondegenerate derivation must be nilpotent (cf [41]), G is nilpotent. This conclusion also
generalizes a similar result for complex semisimple Lie algebras ([5], Proposition 2.2.5).

4. Summary

In this paper, we interpret the O-operators in terms of the tensor expression. Thus, the different
operator forms of the CYBE are given in the tensor expression through a unified algebraic
method. Since the Lie bialgebra structures are obtained through the solutions of the CYBE in
the tensor form as

) =x®1+1®x,rl, Vxeg,

it is easy to get the corresponding Lie bialgebra structures from the different operator forms
of the CYBE through our study. It will also be useful to consider the quantization of these
Lie bialgebra structures (for example, try to find the corresponding Drinfel’d quantum twist
(5, 7D.



A unified algebraic approach to the classical Yang—Baxter equation 11081

On the other hand, there are close relations between left-symmetric algebras and the
CYBE. They can be regarded as a generalization of the study of O-operators in the cases
that the O-operators are invertible. We can construct left-symmetric algebras from certain
classical r-matrices, and conversely, there is a natural classical r-matrix constructed from a
left-symmetric algebra which corresponds to a parakihler structure in geometry. Moreover,
the former in a special case gives an algebraic interpretation of the ‘left symmetry’ as a Lie
bracket ‘left-twisted’ by a classical 7-matrix.
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